Matrix Algebra

Matrices
A matrix isarectangular array of elements arranged in rows and

columns, e.g.:
6 13
A=l921
12 5

A hereis 3 row by 2 column matrix.

More generally, amatrix of this size can be written as:

a1 419

A = where A = [g;],1=123; j= 1.2

ay1 Ay

az; Az

Even more generdly, the (r x ¢) matrix A can be written as:

a.ll a12 sas alj aas a.lc

a.12 322 sas aZJ aas a.zc

A =
&1 Sz - &j - e
_arl Ap - arj arc_
whereA = [a;],i=1,...,r; j = 1,...,c; wherer isthe number of rows

in the matrix and c is the number of columns.

Soecial Matrices
1) the square matrix (r = c), e.q.:

a11 410 443
A = |ay ay ay
az1 Az Az

2) column vector (anr X 1 matrix)




3) row vector (a1l x ¢ matrix)
B = [by by, ... by

4) ascalar, or 1 x 1 matrix: A = [all]

5) the zero matrix:

00..0
0= |00 ..0
00..0

6) anr x r diagona matrix:

t, 0. 0 O]
0t,.. 0 O

T = .. .
t_, 0

00..0 t

7)) vectorofones: 1=[111..1]

Matrix operations

1) transposition, e.g. if

16
A = |53 thenATor A':[égj,orif

02

:

C =9 thenC':[795],
5

or more generally, if A (anr x c matrix) is

a1 -+ 8¢
A= ... , then
arl " arc
ayp -+ 8y
A’ =
aj - A

A matrix can be said to be symmetricif: A = A’.



2) equality, A = B, if a; = by, al i andj.

3) addition and subtraction (addition or subtraction of corresponding

eements): if
14 12
A =25 andB = |2 3, then
36 34

1+14+2 |26
A+B = 2+25+3 = |4 8|,ad
3+36+4 |610

1-14-2 o2
A-B=|2-25-3 =|02-
3-36- 02

More generally,

C = A+B,wherec; = a; + by

4) scalar multiplication (multiplication of each element by the same

scalar value): if

A= |27 thenaa = 427 = |8 2§
93 93 |361

More generally,

B = AA, where bj; = Aa;.

5) matrix multiplication
itA =129 andB = |* 9, then
41 58

C = AR = {(2D4+5[5) (2[5+5[8)]
(44+5) (6 HMA+8[N)

note that:
a) postmultiplication is not equivalent to premultiplication, i.e.
AB #BA;
b) matrices must be “conformal” for multiplication, i.e.
b E _ F
(2x3)(3x4)  (2x4)
the number of columns of the first matrix and the number of rt

of the second matrix must be equal, and note that the dimensi



the product matrix are given by the number of rows of the first
matrix and number of columns of the second:

In general, if

A= [a1-j], i=1..,nj=1..C

B=[byl,i=1,...cj=1,..s and
C=[cl,i=1,...r;j=1..s then,

c
C = AB,wherec;; = Z a4y
k=1

5) another special matrix is the identity matrix:

10..0
1 =01 0] gngal=1A=A.
00 .. 1

6) inverse matrix (matrix inversion): For asguare matrix A, the

inverse of A isthe matrix that when premultiplied or postmultiplied by

A yields the indenty matrix: AT'A = AA™! = |, Marrixinversionis

analogous is some waysto scalar division:
If (1/X) istheinverse of x, then x[%( = xxT=xx=1
7) Linear combinations:. if
Zy = ag Xyt Xt agXy,
Z, = ag Xy tapXp .+ agXy,

Z

i = X T aXp .. +apX

pTip

Zy = agXyptagXyy o agXy,

then this system of equations can be written in more compact form

z _ X a

= , Where
(Nx1)  (Nxp)(px1)
z, a, X11 Xgp e Xgp
z _ |5 ’ a _|&a ' and X _ [ Xy Xgp oo X
(Nx1) .| (Px1) (Nxp) e e e
EN | )] XN1 N2 <o+ XNp)




8) eigenvalues and eigenvectors. for a(p x p) square matrix
R
there is another (p x p) square matrix

E, such that RE = EV, where V isa (p x p) diagonal matrix. The

first column of these matrices can bewrittenas. Re; = A e, or

(R=Al)e, = 0.

9) quadratic forms: if A isan (nx n) matrix and xisan (nx 1) column

n n
vector, then Q = xX'Ax = XAX' = Z Z X;&;X; -
i=1j=1



